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Monday. Presentations from exercises beginning
on page 390: 13, 16, 17, 18, 19, 20, 21, 22, 23.

Last time. . Regression diagnostics.

Multiple linear regression. This is a very com-
mon method used to understand numerical rela-
tions among numerical factors. For this method,
we assume that we have k independent variables
x1,...,x, that we can set, then they probabilisti-
cally determine an outcome Y. Furthermore, we
assume that Y is linearly dependent on the factors
according to

Y =06y + Biz1 + Bawa + - + Brxi + €

where € is a normal error. This is just like we had
for simple linear regression except k doesn’t have
to be 1.

In an experiment, we have n observations, n typ-
ically being much more than k. For the i observa-
tion we set the independent variables to the values

Ti1, X2 - - -, Tik

and measure a value y; for the random variable Y;.
Thus, the model can be described by the equations

Y, = Bo + Bixin + Poxio + - + BrTir + €

for: =1,2,...,n, where the errors ¢; are indepen-
dent normal variables each with mean 0 and the
same unknown variance o2.

Altogether this model for multiple linear regres-
sion has k + 2 unknown parameters: Sy, (1, ..., Ok,
and o2

When k was equal to 1, we found the least
squares line y = Bo + le. It was a line in the plane
R? Now with k& > 1, we’ll have a least squares
hyperplane

y:BO+Ble1+B2x2+"'+kak

in R’i“. The way to find the estimators BO, ﬁl, e
and [, is exactly the same, namely, take the partial
derivatives of the squared error

n

Z(yi - (ﬁo + frxi + PoTip + - + ﬁkxzk>)2

i=1

Q

with respect to the k + 1 variables [, ..., Ok, set
them all to 0, and solve to find the critical point.
There will only be one critical point except in ex-
ceptional situations, like when n < k, and it will
give the minimum least squared error (). To find
that value, £+ 1 linear equations need to be solved
simultaneously for k£ + 1 unknowns, so methods of
linear algebra are needed, but not very advanced
methods since it’s just solving a simultaneous sys-
tem of linear equations.

When that system is solved we have fitted values

Ui = BO + 31%'1 + Bzﬂm + -+ Bk%’k

for © = 1,...,n that should be close to the actual
values y;. The differences are the residuals

e = Yi — Yi-
The error sum of squares, SSE, is defined as before,

namely as
SSE = ) e}



and it is used along with the total sum of squares,

SST=> (y; —Y)°
and the regression sum of squares
SSR = (i — §)*
exactly as in the case when k = 1, so that
SST = SSE + SSR

and
2 SSR

©SST

SSE

r .
SST

The only difference is that we don’t have a corre-
lation coefficient r. Instead, we define the positive
square root of 72 to be r and we call it the multiple
correlation coefficient.

We'll look at example 11.1 in the text next.

Vector and matrix notation. There’s a lot more
of linear algebra that we could use than just the
notation for vectors and matrices, but that alone
helps considerably to simplify the notation and con-
cepts of multiple linear regression. We'll also need
a some of the algebra of matrices, namely, addition,
subtraction, multiplications, and inverses of square
matrices. A complete study of multiple linear re-
gression requires more, but we’ll be satisfied with
this much for our survey of multiple linear regres-
sion.

Matrices and vectors. A matrix is a rectan-
gular array of numbers. For example,

5 2
3 -1
1

This matrix has 3 rows and 2 columns and is called
a 3 X 2 matrix.

Some matrices have only one row or column. A
matrix with only one column is called a column
matrix or a column vector, while one with only one
row is called a row matriz or row vector. The way

We’ll use boldface for vectors and matrices.
We can collect several variables together into one

vector. For instance, if we have n data-values
Y1,Y2, - - - » Yn, We can put them in a column vector
Y1
Yo
y=1 .
Yn

We’ll use column vectors for other groupings of

n values, too, such as the random variables
Y1,Y5,....Y,
Yy
Y,
Y=| .
Y,
and the error random variables €1, €5, ..., €,
€1
€2
e=| .
671

and so forth.

When symbols are used for the elements (that
is, entries) of a matrix, they are often doubly in-
dexed (that is, subscripted), and the indices indi-
cate where the entry is located. For instance, asy
indicates the element in the 3rd row and 4th col-
umn. Note that the first index gives the row num-
ber and the second index gives the column number.
When a generic row is needed, usually 7 is used, and
when a generic column is needed, usually 7 is used.
S0 a;; is the element in the ¢th row and jth column.

11 Q12 ayj A1n
Q21  A22 a2 A2,
A=
i1 A2 Qjj Qin
| OGm1  Am2 Ay Amn |

The multiple regression model has doubly indexed

things are set up here, all our vectors are columns. variables z;; where i refers to the ith observation

2



(varying from 1 to n) and j refers to the j*" random
variable (varying from 1 to k), so we’ll have use for
matrices.

Addition and subtraction of matrices. If
two matrices are the same shape, that is, the same
number of rows and the same number of columns,
then you can add them together to produce another
matrix by adding the corresponding elements to-
gether. Likewise you can subtract one matrix from
another if they have the same shape. For example

5 2 4 0 2 1 7T 1
3 -1 |+|0 3|—-| -5 4|=|8 =2
1 3 6 —5 1 -2 6 0

The transpose of a matrix. A useful simple
operation on matrices is transposition. It’s where
you exchange rows and columns in a matrix. For
instance, if A is the matrix

|

4 5 6
A= l 3 =10
then the transpose of A is the matrix

4 3
AT=15 -1
6 0

The transpose of a matrix A is denoted in our text
as A’, but you'll find various different notations are
in use such as AT, A*, A* and so forth. I'll use A’
in these notes as the text does.

Note that if A is an m X n matrix, then its trans-
pose A’ is an n x m matrix. Also, note that the
transpose of the transpose is the original matrix,
that is (A")’ = A. Furthermore, transposition turns
row vectors into column vectors, and vice versa.

Matrix multiplication. Matrix multiplication
is not at all like addition or subtraction. It actu-
ally corresponds to composition of transformations
between various dimensional spaces, but that goes
beyond what we have time to talk about here.

Take, for instance, the following two 3 by 3 ma-
trices.

4 5 6 2 11
A=13 -1 0|, B= 0 4 5
2 0 -2 -2 -3 0

Think of A as being made of three row vectors and
B as being made of three column vectors.

4 5 6 21 111
A=13 -1 0|, B=| 0| 45
2 0 -2 —21-31]0

The easiest way to see how it all works is to put
the matrix A on the left the product matrix AB,
and the matrix B above the product matrix AB as
follows.

21 111

0| 4|5

-2 =310

4 5 6 -4 6| 29
3 -1 0 6|—-1|-2
2 0 =2 81 8| 2

For each entry in the product matrix AB, look at
the elements in the row of A to its left and the
elements in the column of B above it. Then mul-
tiply the corresponding elements of the row to the
left and the column above, and finally add the the
products. Take, for example, the element in the
second row and third column of the product. It
turns out to be —2 since

314 (=1)-540-0=—2.

Note that matrix multiplication is seldom com-
mutative, that is, AB usually doesn’t equal BA.
But it’s always associative, that is, (AB)C' always
equals A(BC).

The size of matrices needed for multipli-
cation. In order for there to be a product matrix
AB, the length of a row in A has to be the same as
the length of a column in B. If A is an m by n ma-
trix, that means it has n entries in each row. So B
will have to have n entries in each column, in other
words, B has to have n rows. Then B is an n by k
matrix (where k is the number of columns that B
has, whatever that is). Thus, you can multiply an
m by n matrix with an n by &£ matrix. The result
will be an m by k matrix.



Inverse matrices. Matrix multiplication is un-
usual, and there is no operation of division. But
for some square matrices, inversion sometimes does
work.

First we need a matrix that acts as a multiplica-
tive identity, and that’s easy to find. The n x n
identity matrix has 1’s down the diagonal and 0’s
elsewhere. This I acts like an identity matrix since

A=A and I[IB=2B

for any matrix A that has n columns and any ma-
trix B that has n rows.

We say that two square n x n matrices A and B
are inverses of each other if

AB=BA=1,

and in that case we say that B is an inverse of A
and that A is an inverse of B. A matrix A can
have at most one inverse, and it’s denoted A~!. A
fair amount of time in a linear algebra course is
devoted to algorithms to find inverse matrices. We
won’t do that here, but we ought to have at least
one example. Suppose that A is the matrix

3 =2 4
A=11 0 2
0 10

Then the inverse of A is

1 -2 2
Al = 0 0 1
-1/2 3/2 -1

The multiple regression model in matrix
notation. The model can be described by the n
equations

Y = Bo + Bz + Bomio + - - + Brwip + €

fort=1,2,...,n. We can put these in one matrix
equation
Y1 L an Tk Bo €1
Y, I a9 Tok B €2
Sl =1. . ) . F
Yn 1 Tnl Tnk ﬁk €n

that is, the equation
Y = X6+ e

Note how by cleverly including a column of 1’s in
the matrix X we get to treat 3y just like the rest of
the 3;’s.

As mentioned before, in order to minimize the
squared error

Q= Xn:(yz — (Bo + Prwiy + Poiz + -+ + Beir))?
i=1

you take its partial derivatives with respect to the
k + 1 variables By, ..., Ok, set them all to 0, and
solve to find the critical point. The k£ + 1 linear
equations that need to be solved simultaneously can
be written as the matrix equation

X'X3 = X'y.

This will have a solution if the matrix X’X has an
inverse, and that solution is our estimator for  the
least squares estimator:

f=(X'X)"'X'y



